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Vibrational relaxation in H2 + H2: full-dimensional
quantum dynamical study
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Abstract

A full-dimensional quantum dynamical study of vibrational relaxation in H2 + H2 collisions using the potential energy
surface (PES) of Schwenke is reported. The essential role of the anisotropy of the interaction potential is elucidated. A
comparison of theoretical and experimental rate coefficients is made. (Int J Mass Spectrom 223–224 (2003) 335–342)
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Hydrogen is the most abundant molecule in the
universe. Knowledge of inelastic state-to-state rate
coefficients in H2 + H2 collisions is of fundamental
importance for understanding and modelling the en-
ergy balance in the interstellar medium[1]. The first
rigorous quantum scattering studies on the pure ro-
tational excitations in H2 + H2 collisions were made
more that two decades ago[2,3]. In these calcula-
tions a diatomic molecule was treated as a rigid rotor.
Nowadays such calculations can be performed rather
routinely [4], provided the potential energy surface
(PES) is expanded in an appropriate series of spher-
ical harmonics. More recently, quantum scattering
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calculations incorporating vibrational degrees of free-
dom have started to emerge[5,6]. However, in these
calculations a vibrational degree of freedom only of
one H2 molecule was treated explicitly and the second
H2 molecule was treated as a rigid rotor either in the
ground rotational state[5] or including three lowest
rotational states[6]. The process of the vibrational
relaxation in collisions between H2 molecules also
has been studied using semiclassical methods (see,
for example[7], and references cited therein).

In the present letter we perform full-dimensional
quantum scattering calculations of rovibrational
state-to-state cross-sections and rate coefficients for
the H2 + H2 system. We use an approach, which
permits the calculations to be done on a PES of any
functional form. We also examine how the results are
sensitive to a choice of PES. A comparison with ex-
perimental results as well as other theoretical results
is also made.
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2. Theory

The quantum formulation of the collision between
two diatomic molecules is well documented. Since
all relevant details can be found in[2,3,8–10], and
references cited therein, only a brief outline is given
here. In general, we follow the formulation given by
Alexander and DePristo[10]. We use a body-fixed
(BF) coordinate system, the BFZ-axis pointing along
the vectorR, which connects the centre of mass of
the two molecules. The BF internal coordinates areR,
r1, r2, θ1, θ2, φ. HereR = |R|, ri is the length of the
vectorr i connecting the atoms in moleculei, cosθi =
r i ·R/riR, andφ is the torsion angle between vectors
r1 andr2.

The rotational angular momenta of two molecules
j1 andj2 are coupled to formj12, which is subse-
quently coupled to the orbital angular momentumL to
form the total angular momentumJ . The projection
of J on the space-fixed and BFZ-axis areM andΩ,
respectively. The total wave function is expanded as

Ψ (r1, r2,R) = R−1
∑

v,j,J,M,Ω,ε

F JMε
vjΩ (R)ψJMε

vjΩ (r1, r2),

(1)

where

ψJMε
vjΩ (r1, r2) = χv1j1(r1)χv2j2(r2)|JMjΩε〉. (2)

Herev denotes vibrational quantum numbers(v1, v2),
j stands for (j1, j2, j12), ε is the spatial inversion
parity, χviji (ri) is the rovibrational wave function of
molecule i, and |JMjΩε〉 is the BF rotational wave
function. The latter is the eigenfunction forJ, j1, j2,
j12, Ω, and the spatial parity operator. The explicit
form of the BF functions |JMjΩε〉 can be found else-
where[10,11]. With the expansionEq. (1), the total
Schrödinger equation is transformed into the usual set
of BF close-coupling (CC) equations[10,11]. In the
BF frame, matrix elements of the(J − j12)

2 opera-
tor are diagonal in all quantum numbers butΩ. Here
we utilise the coupled states approximation (CSA)
[12,13], which neglects the coupling between states
with differentΩ.

It is important to note that interchange symmetry
must be taken into account when dealing with two
identical molecules[2,3,8–10]. Following Alexander
and DePristo[10], in this case, we use the symmetrised
functions

ψ
JMεp
vjΩ = �vj1j2[ψJMε

vjΩ + pε(−1)j12ψJMε

v̄j̄Ω
], (3)

wherep = ±1 is the molecule interchange parity,v̄ =
(v2, v1), j̄ = (j2, j1, j12), and

�vj1j2 = [2(1 + δv1v2δj1j2)]
−1/2. (4)

We also requirev1 < v2, or v1 = v2 and j1 ≤ j2

(“well ordered states”) to ensure that the basis set is
linearly independent.

In the BF frame, the calculation of potential energy
matrix elements involves evaluation of integrals of the
type

UΩ
vv′jj′(R)= 〈χv1j1χv2j2Y

j12Ω
j1j2

× |Vint(r1, r2, θ1, θ2, φ;R)|
×χv′

1j
′
1
χv′

2j
′
2
Y
j ′
2Ω

j ′
1j

′
2
〉, (5)

where

Y
j12Ω
j1j2

=
∑

m

〈j1mj2Ω − m|j12Ω〉ymj1

× (θ1,0)yΩ−m
j2

(θ2, φ), (6)

whereymj (θ, φ) are spherical harmonics, andVint is the
interaction potential. The latter is defined as a differ-
ence between the total PES of the system and the sum
of potentials corresponding to free diatomics,Vi(ri).
We use the potential optimised discrete variable rep-
resentation (PO-DVR)[14] to construct rovibrational
basis functionsχviji (ri) and calculate rovibrational en-
ergies of a diatom,Eviji , as was described previously
in the case of atom–diatom collisions[15]. This al-
lows us to perform the integration overr1 andr2 in a
simple and efficient way. In principle, integration over
anglesθ1, θ2, φ can be done analytically provided the
potential is expanded over spherical harmonics. How-
ever, in this study we adopt a numerical approach and
use Gauss–Legendre points to integrate overθ1 and
θ2, and Gauss–Chebyshev ones to integrate overφ.
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This allows us to perform the calculations using a PES
of an arbitrary functional form.

A set of coupled states equations is solved nu-
merically subject to appropriate boundary conditions.
These boundary conditions define elements of the
S-matrix and hence the state-to-state cross-sections
given by[8]

σεp(γ→γ ′;Ec)=
π(1 + δv1v2δj1j2)(1 + δv′

1v
′
2
δj ′

1j
′
2
)

(2j1 + 1)(2j2 + 1)k2
γ γ

×
∑

JΩj12j
′
12

(2J+1)|δvv′jj′−S
JΩεp

vv′jj′ |2,

(7)

where γ = (v1, j1, v2, j2), k2
γ γ = (2µ/�2)(E −

Ev1j1 − Ev2j2), E is the total energy,Ec =
E−Ev1j1 −Ev2j2 is the collision (translation) energy,
andµ is the reduced mass.

3. Results and discussions

In this first implementation, we consider a particular
case of transitions from the ground rotational state,
i.e.,

H2 (v1, j1 = 0) + H2 (v2, j2 = 0)

→ H2 (v
′
1, j

′
1) + H2 (v

′
2, j

′
2). (8)

Whenj1 = j2 = 0, j12 must equal zero andΩ = 0.
In this case the inversion parity is well defined and
given byε = (−1)J [10].

To test part of the computational scheme, we calcu-
lated pure rotational excitation cross-sections for the

Table 1
State-to-state cross-sections (in a.u.) for the H2 (0,0)+ H2 (0,0) → H2 (0, j1)+ H2 (0, j2) collisions on the FLZR potential energy surface

Ec (eV) (j1, j2) Present MOLSCAT, CSA MOLSCAT, CC

0.15 0, 2 0.1747 (+01) 0.1766 (+01) 0.1679 (+01)
2, 2 0.5645 (−01) 0.5580 (−01) 0.5529 (−01)

0.30 0, 2 0.4275 (+01) 0.4302 (+01) 0.4116 (+01)
2, 2 0.2577 (+00) 0.2576 (+00) 0.2479 (+00)
0, 4 0.1151 (−01) 0.1151 (−01) 0.1109 (−01)
2, 4 0.6315 (−03) 0.6280 (−03) 0.7027 (−03)

Numbers in parentheses are powers of 10.

interaction potential of Farrar and Lee as modified by
Zarur and Rabitz (FLZR)[16]. The calculations were
performed using the rotational basis setj1, j2 = 0, 2,
4, j1 ≤ j2. In this case the bond length of each H2

molecule was fixed to its equilibrium value,r1 = r2 =
1.449a0, and the rotational energy of theith rotor is
given byEji = Beji(ji + 1) with Be = 60.8 cm−1.
Table 1compares the results of these test calculations
with the results obtained by using the MOLSCAT pro-
gram[4]. One sees that our CSA results practically are
nearly identical to MOLSCAT, CSA ones, and in very
good agreement with those obtained with CC method.

Now we proceed to the full-dimensional calcula-
tions for the vibrational relaxation process:(v1 =
0, j1 = 0, v2 = 1, j2 = 0) → (v′

1 = 0, j ′
1, v

′
2 =

0, j ′
2). The calculations were performed using the

“well ordered” basis set:v2 = 0, 1, 2, for eachv2

j2 = 0, . . . , jvmax, for v1 < v2 j1 = 0, . . . , jvmax,
and forv1 = v2 j1 = 0, . . . , j2. Values forjvmax are
10, 8, 2 forv = 0, 1, 2, respectively. Rovibrational
functions of the H2 molecule were obtained with the
VH2(r) potential of Schwenke[18]. For a given PES,
the set of coupled states equations was solved using
the R-matrix propagation method[17], starting from
Rmin = 1a0 and integrating out toRmax = 40a0. We
used five PO-DVR points to integrate overr1 andr2,
respectively. These parameters, as well as the size of
the grid 24× 24× 24 to integrate over anglesθ1, θ2,
and φ, were determined by performing appropriate
convergence tests.

Initially we performed the calculations on the PES
developed by Schwenke[18]. This H2–H2 interaction
potential (hereafter referred as SW) is a fit to ab initio
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data and has the functional form

Vint = [VP(RAC)+VP(RAD)+VP(RBC) + VP(RBD)]

×FC(R, r1, r2, θ1, θ2, φ)

+VLR(R, r1, r2, θ1, θ2, φ). (9)

Here VP(Rij ) is the pairwise potential depending on
distances between non-bonding H atoms,FC is the
correction function, andVLR is the long range poten-
tial. It is important to note that bothFC andVLR are
represented by the expansion over functions

Φq1q2µ(θ1, θ2, φ)

= 4π

[2(1 + δµ0)]
1/2

[yµq1
(θ1,0)y−µ

q2
(θ2, φ)

+ y−µ
q1

(θ1,0)yµq2
(θ2, φ)], (10)

with the expansion coefficients being dependent on
R, r1, r2. Although these expansions were restricted
to q1, q2 ≤ 2, the presence of the pairwise potentials
ensures that higher order anisotropies exist. It was
pointed out by Flower and Roueff[5] that the SW
potential features a surprising behaviour, i.e., the in-
teraction becomes more anisotropic asR increases.
Therefore, in the subsequent calculations[5,6] they
used the interaction potential of a form

V F
int =

∑

q1q2µ

Aq1q2µ(r1, r2, R)Φq1q2µ(θ1, θ2, φ), (11)

which contains only the terms withq1, q2 ≤ 2 (only
even values ofq1,2 give a contribution as H2 is
homonuclear). It should be noted that the fit (9) was
based on the results of ab initio calculations per-
formed for five different geometries. In principle, the
set of five geometries enables only the five terms
with q1, q2 ≤ 2 in the angular expansion to be deter-
mined. Therefore, we consider the existence of higher
anisotropies in the fit (9) to be rather questionable.
Bearing this in mind, we also performed calculations
with the potentialV exp

int (SWE), which is obtained
by expanding potential (9) over functionsΦq1q2µ re-
stricted toq1, q2 ≤ 2. We would like to stress that
the difference between SW and SWE potentials is
rather small, as is illustrated inTable 2. However,

Table 2
Values of the SW and the SWE interaction potentials (in a.u.)
calculated atθ1 = θ2 = π/4, φ = 0, as a function ofR

R (a0) SW potential SWE potential

2.5 0.1019 (+00) 0.9970 (−01)
3.0 0.4782 (−01) 0.4646 (−01)
4.0 0.8949 (−02) 0.8641 (−02)
5.0 0.1301 (−02) 0.1208 (−02)
7.0 −0.1542 (−03) −0.1520 (−03)

10.0 −0.2088 (−04) −0.2088 (−04)

Numbers in parentheses are powers of 10.

we will see that this results in a significant effect in
vibrational relaxation cross-sections.

Fig. 1 gives a comparison of initial rotational
state-selected cross-sections,σ00 = ∑

j ′
1j

′
2
σ(0,0,1,

0 → 0, j ′
1,0, j ′

2), as a function of the collision energy,
calculated using potentials SW and SWE, respectively.
One sees that at high collision energies the difference
between two sets of calculations is small. However,
it becomes considerable as the collision energy de-
creases. To understand such a behaviour, we present
(Fig. 2a and b) state-to-state cross-sections,σ00j ′

1j
′
2

=
σ(0,0,1,0 → 0, j ′

1,0, j ′
2), at collision energies 0.01

and 0.5 eV. The efficiency of the transition to the
particular rotational state is determined by a compe-
tition between the energy gap effect that favours the
transition with small�E and the combined influence
of rotational coupling and angular momentum con-
servation, which favour small�ji . At small collision
energies the high anisotropy of potential (9) results in
strong rotational coupling and makes the transitions
to highly excited rotational states to be very efficient,
the near-resonant transition(0,0,1,0) → (0,0,0,8)
(�E ≈ 100 cm−1) being dominant. That is not the
case when the less anisotropic SWE potential is used.
For this potential, due to the restrictionq1, q2 ≤ 2 the
direct coupling between states with|�ji | > 2 does
not exist and that results in low populations of states
with high ji . At higher collision energies both poten-
tials give similar product distributions, although the
use of potential (9) still results in greater populations
of highly excited rotational states as compare with
those obtained using the SWE potential.
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Fig. 1. Initial state-selected cross-sections,σ(0,1,0,0 → 0,0, all j ′
1, j

′
2), as a function of the collision energy calculated with potentials

SW and SWE, respectively.

By averaging cross-sectionsσ 00(Ec) over the
Maxwell–Boltzmann distribution we find initial
state-selected vibrational relaxation rate coefficients
k00(T ) = k(v = 1, j1 = 0, j2 = 0 → v′ = 0; T ).
In Table 3, we compare the rate coefficients,k00(T),
obtained using SW and SWE potentials, respectively,
with those based on the results of[6]. The latter were
calculated as a sum of corresponding state-to-state

Table 3
Rate coefficientsk00(T) and k(T) (in cm3 s−1)

T (K) k00, SW k00, SWE k00 [6]a k [6]

100 2.9 (−17) 9.4 (−18) – 6.4 (−18)b

300 9.1 (−17) 4.0 (−17) 3.3 (−17) 4.6 (−17)
500 3.2 (−16) 1.7 (−16) 1.2 (−16) 3.3 (−16)

Numbers in parentheses are powers of 10.
a Calculated as the sum of corresponding state-to-state rate

coefficients reported in[6].
b Reported in[5].

rate coefficients reported in[6]. One may see that
our results calculated on the SWE potential surface
are in quite good agreement with those calculated by
Flower [6]. The use of the SW potential increases
k00(T) by a factor of about 2 atT = 300–500 K. To
make a direct comparison with the experimental data,
one needs to determine the total rate coefficients,
k(T )≡k(v = 1 → v′ = 0; T ). That requireskj1j2(T )

to be calculated for different initialj1 andj2 andk(T)
is then obtained by weighting the initial state-selected
rate coefficients by the relative populations of initial
levels according to the Boltzmann distribution. At low
temperatures (T < 100 K) populations of rotationally
excited initial states of H2 are negligible and only
k00(T) needs to be calculated to obtain the total rate
coefficient. The previous studies of the vibrational re-
laxation in atom–molecule systems[15,19] show that
k00(T) provides a reliable estimation ofk(T) for tem-
peratures up toT ∼= 300 K. This is also confirmed by



340 S.K. Pogrebnya et al. / International Journal of Mass Spectrometry 223–224 (2003) 335–342

Fig. 2. (a) State-to-state cross-sections calculated with the SW potential (black bars) and with the SWE potential (grey bars) atEc = 0.01 eV.
(b) The same as part a butEc = 0.5 eV.

the results of[6] given inTable 3. We see that atT =
300 K, k(T )/k00(T ) ∼= 1.4. Of course, as the temper-
ature increasesk00(T) provides a less accurate estima-
tion of k(T) and atT = 500 K, k(T )/k00(T ) ∼= 2.8.

Fig. 3 gives a comparison ofk00(T), as a function
of the temperature, calculated using SW and SWE po-

tentials, respectively, with the experimental results for
para-H2 [20]. We see that at low temperatures, the re-
sults based on a less anisotropic SWE potential are
in better agreement with the experimental data than
those obtained using the SW potential. As described
above, this is due to the strong anisotropy of the SW
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Fig. 3. Rate coefficients for vibrational relaxation ofpara-H2 calculated on the SW (solid line) and the SWE (dashed line) potentials,
respectively, in comparison with the experimental data of[20] (circles).

potential, which allows the coupling between the ini-
tial state (0, 0, 1, 0) and the near-resonant state (0, 0,
0, 8), and the corresponding transition gives a main
contribution toσ 00(Ec) at low collision energies. The
results suggest that the global fit of Schwenke[18] is
preferable to the SWE potential and the potential used
in [6] for T ≥ 300 K. However, at such temperatures
k00(T) provides only a lower estimate for the total rate
coefficient and, therefore, rotationally excited initial
states of H2 must be taken into consideration to obtain
a definitive conclusion.

We would like to note that the results of semiclas-
sical calculations[7] were reported to be in a good
agreement with the experimental data over the temper-
ature range 50–2000 K. These results were obtained
on a different PES[21] which is also based on the ab
initio energies of Schwenke[18]. Therefore, bearing
in mind that the results of quantum scattering calcu-
lations are very sensitive to the choice of the PES, the
comparison between quantum and semiclassical re-
sults will make sense only if both sets of calculations
are performed on the same surface. This will be the
subject of a future study.

4. Conclusion

We have shown that the anisotropy of the inter-
action potential has a significant influence on the
outcome of quantum dynamical calculations for the
vibrational relaxation in the H2 + H2 system. Our
results suggest the potential energy fit developed by
Schwenke[18] is adequate to describe rate coeffi-
cients at temperatures in the range of 300–500 K.
However, the use of this potential overestimates con-
siderably the experimental rate coefficient at lower
temperatures. Our full-dimensional results obtained
on a less anisotropic potential SWE are consistent
with the results of five dimensional calculations[6]
based on a similar potential surface. Using the SWE
potential improves the agreement with the experi-
mental data at low temperatures but tends to underes-
timate rate coefficients at higher temperatures. Since
vibrational relaxation in H2 + H2 is an important
process accessible both by theory and experiment,
further improvements in the H2 + H2 PES are desir-
able. Calculations of inelastic cross-sections for col-
lisions betweenpara and ortho H2 molecules based



342 S.K. Pogrebnya et al. / International Journal of Mass Spectrometry 223–224 (2003) 335–342

on a newly developed PES[22] are currently being
done.

Acknowledgements

This work was supported by Engineering and Phys-
ical Sciences Research Council (UK) as well as the
Natural Sciences and Engineering Research Council
of Canada. Some of the calculations were carried out
using the high performance computing facility jointly
supported by the Canadian Foundation for Innovation,
the British Columbia Knowledge Development Fund,
and Silicon Graphics at the University of Northern
British Columbia.

References

[1] A. Sternberg, A. Dalgarno, Astrophys. J. 338 (1989) 197.
[2] S. Green, J. Chem. Phys. 62 (1975) 2271.
[3] T.G. Heil, S. Green, D.J. Kouri, J. Chem. Phys. 68 (1978)

2562.
[4] J.M. Hutson, S. Green, MOLSCAT Computer Code, Version

14, Distributed by Collaborative Computational Project No. 6

of the Engineering and Physical Sciences Research Council,
UK, 1994.

[5] D.R. Flower, E. Roueff, J. Phys. B: Atm. Mol. Opt. Phys. 31
(1998) 2935.

[6] D.R. Flower, J. Phys. B: Atm. Mol. Opt. Phys. 33 (2000)
5243.

[7] V.A. Zenevich, G.D. Billing, J. Chem. Phys. 111 (1999)
2401.

[8] K. Takayanagi, Adv. Atm. Mol. Phys. 1 (1965) 149.
[9] H. Rabitz, J. Chem. Phys. 63 (1975) 5208.

[10] M.H. Alexander, A.E. DePristo, J. Chem. Phys. 66 (1977)
2166.

[11] J.-M. Launay, J. Phys. B: Atm. Mol. Phys. 10 (1977) 3665.
[12] R.T. Pack, J. Chem. Phys. 60 (1974) 633.
[13] P. McGuire, D.J. Kouri, J. Chem. Phys. 60 (1974) 2488.
[14] J. Echave, D.C. Clary, Chem. Phys. Lett. 190 (1992) 225.
[15] S.K. Pogrebnya, A.K. Kliesch, D.C. Clary, M. Cacciotore,

Int. J. Mass Spectrom. Ion Process. 149/150 (1995) 207.
[16] G. Zarur, H. Rabitz, J. Chem. Phys. 60 (1974) 2057.
[17] E.B. Stechel, R.B. Walker, J.C. Light, J. Chem. Phys. 69

(1978) 3518.
[18] D.W. Schwenke, J. Chem. Phys. 89 (1988) 2076.
[19] A.J. Banks, D.C. Clary, J. Chem. Phys. 88 (1987) 802.
[20] M.-M. Audibert, R. Vilaseca, J. Lukasik, J. Ducuing, Chem.

Phys. Lett. 31 (1975) 232.
[21] G.D. Billing, R.E. Kolesnick, Chem. Phys. Lett. 215 (1993)

571.
[22] A.I. Boothroyd, P.G. Martin, W.J. Keogh, M.R. Peterson, J.

Chem. Phys. 116 (2002) 666.


	Vibrational relaxation in H2+H2: full-dimensional quantum dynamical study
	Introduction
	Theory
	Results and discussions
	Conclusion
	Acknowledgements
	References


